FIVER is a robust Eulerian finite volume method for the solution of compressible multi-fluid and multi-fluid-structure interaction problems characterized by large density jumps and highly nonlinear structural deformations. Its key components include an embedded boundary method for CFD equipped with suitable surrogate discrete material interfaces, the construction and solution of local, exact, two-phase Riemann problems for semi-discretizing the convective fluxes at the fluid-fluid interface, the construction and solution of local, exact, half Riemann problems for enforcing the normal component of the kinematic transmission condition at the fluid-structure interface, and a conservative algorithm for loads distribution on a finite element representation of the structure. Originally developed for inviscid fluid and fluid-structure interaction problems, FIVER is extended in this paper to viscous multi-material problems. To this effect, its embedded boundary method component is equipped with a ghost fluid scheme for approximating the viscous and source terms of the governing semi-discrete equations of dynamic equilibrium, and its loads distribution algorithm is extended to account for the contribution of the fluid viscous stress tensor. The extended FIVER method accommodates both explicit and implicit time-integration schemes. Its performance for highly nonlinear fluid-structure interaction problems is highlighted with the simulation of thrust generation of flapping flexible wings at low Reynolds numbers.
I. Introduction
Viscous Fluid-Structure Interaction (FSI) problems arise in many scientific and engineering applications including flutter, limit cycle oscillation, buffet, dynamic loads analysis at high angles of attack, parachute dynamics, weapon bay acoustics, store separation trajectory predictions, boom refueling and egress operations, aeroelastic tailoring of aircraft and automotive systems, gate sliding, wind turbine and tire noise analysis, and hemodynamics and cardiovascular technology, to name only a few. All three Lagrangian, Arbitrary Lagrangian Eulerian (ALE), and Eulerian computational frameworks have been developed for the solution of such problems. Lagrangian and ALE methods move the Computational Fluid Dynamics (CFD) mesh, distort it with the fluid-structure interface, and convect this interface with the local fluid velocity. Unfortunately, large mesh distortions induced by large displacements, rotations, or deformations of the fluid-structure interface can reduce the accuracy and numerical stability of a Lagrangian method to the point where it becomes unpractical. Similarly, large structural motions and/or deformations challenge most if not all CFD mesh motion schemes 1, 2, 3, 4 on which typical ALE methods 5, 6, 7, 8, 9, 10 rely. Topological changes such as those induced, for example, by topology optimization 11 or crack propagation typically make ALE methods unfeasible. Eulerian methods avoid all aforementioned issues associated with complex or large transformations of the fluid-structure interface by adopting a fixed CFD mesh, embedding in it the wet boundary surface of the structure of interest, and relying on computational geometry tools 12, 13 for capturing or tracking the evolution of the position, shape, and topology of this dynamic boundary surface representing the fluid-structure interface.
Adopting the Eulerian computational framework for FSI problems and embedding the boundary surface of a flexible dynamic structure in a fixed computational fluid domain not only addresses the aforementioned limitations of the Lagrangian and ALE computational frameworks, but also leads to the concept of CFD computations on non body-fitted meshes. Therefore, it also simplifes the task of mesh generation. For all these reasons, Eulerian methods for computing flows on embedding CFD meshes have gained popularity under different names such as "immersed boundary", "embedded boundary", "fictitious domain", and "Cartesian" methods (for example, see 14, 15, 16, 17 ). All of these and related methods are collectively referred to here as embedded boundary methods.
Unfortunately, because they operate on non body-fitted CFD meshes, embedded boundary methods also complicate the treatment of wall boundary conditions in general, and fluid-structure transmission conditions in particular. Furthermore, they tend to be first-order space-accurate at the fluid-structure interface, and in some cases, they are provably inconsistent at this interface. 18 For these reasons, recent developments in embedded boundary methods have focused mostly on these two issues, but primarily on the treatment of the velocity wall boundary condition for incompressible viscous flows and fixed obstacles. In this context, recently proposed algorithms for interface treatment have focused either on some form of interpolation 19 with particular attention to numerical stability 20 or higher-order accuracy, 19, 21, 22 or on the concept of a ghost cell, 23, 24 some variant of the penalty method, 25 and the mirroring technique. 26 For compressible inviscid flows, a new approach for the treatment of a fluid-structure interface that is equally applicable to static, dynamic, rigid, and flexible embedded boundary surfaces was proposed in. 27 This approach is based on ideas previously developed in 28 for the treatment of fluid-fluid interfaces in multi-fluid problems. It is a departure from the methods outlined above and related works pertaining to incompressible flows in that it treats the velocity and pressure boundary conditions at the embedded boundary surface simultaneously, rather than disjointly. Furthermore, instead of relying exclusively on interpolation and/or extrapolation, the method proposed in 27 enforces the appropriate value of the fluid velocity at a wall boundary or fluid-structure interface and recovers the value of the fluid pressure at this location via the solution of an appropriate local, one-dimensional, exact fluid-structure Riemann (or more precisely half Riemann) problem. Originally developed for the case of a fluid characterized by a relatively simple and yet pervasive Equation Of State (EOS) such as the perfect gas EOS or stiffened gas EOS for which an exact fluid-structure half-Riemann problem is easily solvable, this method was extended in 29 to the case of arbitrarily complex EOS and was named FIVER (FInite Volume method with Exact Riemann problems). The main purpose of this paper is to extend this method to compressible viscous flows and demonstrate its potential for complex FSI problems characterized by large displacements, rotations, and deformations of the fluid-structure interface.
To this effect, the remainder of this paper is organized as follows. The governing multi-disciplinary equations and semi-discretization method of interest are presented in Section II. The recently developed FIVER method for the computation of inviscid multi-fluid and FSI problems is outlined in Section III and Section IV, respectively. Its extension to viscous flows is presented in Section V. Comments pertaining to time-discretization are given in Section VI. A conservative algorithm for loads distribution on the Finite Element (FE) representation of the fluid-structure interface is described in Section VII. The potential of the extended FIVER method for the simulation of viscous FSI problems is highlighted in Section VIII where it is equipped with a low-Mach preconditioner 30 and applied to the simulation of flexible flapping wing propulsion at a low Reynolds number.
II. Governing Fluid-Structure Equations of Dynamic Equilibrium
In the Eulerian setting, the compressible Navier-Stokes equations governing a viscous flow in a domain of interest Ω F ⊂ R 3 in which a boundary surface Σ S is embedded ( Figure 1 ) can be written in vector conservation form as
where
ρ denotes the fluid density, v its velocity vector, E its total energy per unit volume and is given by E = ρe + 1 2 ρ v 2 with e denoting the internal energy per unit mass, p its fluid pressure, µ its laminar viscosity, κ its conductivity, Θ its temperature, τ its viscous stress tensor, I the identify matrix, and the superscript T designates the transpose. Furthermore, the fluid of interest is supposed to be governed by an arbitrary EOS of the form p = P (ρ, e),
where P is any function which leads to a speed of sound satisfying the two following conditions:
• c can be explicitly expressed as a function of pressure and density -that is, c = c(p, ρ).
• c 2 > 0 so that P can generate compressive shocks and expanding rarefactions.
In the general case, the embedded boundary surface Σ S can be associated with the wet surface of a dynamic flexible structure Ω S . In the Lagrangian setting, the equations of dynamic equilibrium of this structure can be written in compact form as
where the subscripts i, j, and m varying between 1 and 3 designate the coordinate system (x, y, z), ρ S denotes the structural material density, u the displacement vector field of the structure, σ its second Piola-Kirchhoff stress tensor, and b the vector of body forces acting in Ω S . Given free-stream boundary conditions wherever a free-stream exists, an isothermal or adiabatic viscous boundary condition on Σ S , and a constitutive law for the structural material, the FSI problem resulting from the embedding of Σ S in the flow is governed by Eq. (1), Eq. (8), and the two transmission conditions
and where δ ij denotes the Kronecker delta, n S = n S (t) denotes the outward unit normal to Σ S = Σ S (t), and T j denotes the tractions due to external forces whose origin is not due to the fluid.
A. Semi-discretization
The governing fluid equations (1) are semi-discretized here by a classical Finite Volume (FV) method. The basic steps of this method are outlined below, in order to introduce a notation and some concepts that are beneficial to the remainder of this paper.
Let Ω (Figure 2) . The boundary surface of C i is denoted by ∂C i , and the unit outward normal to ∂C i by n i = (n ix , n iy , n iz ). The union of all of the control volumes defines a dual discretization of Ω
Using the standard characteristic function associated with a control volume C i , the standard piece-wise linear tent function N i associated with the vertex V i , the standard bijection between the space of piecewise linear finite element functions defined over the elements Ω F e and the space of constant characteristic shape functions defined over the control volumes C i , 31 a standard variational approach, and integration by parts, Eq. (1) can be transformed into its weaker form
where W h F denotes the approximation of the conservative fluid state vector W in a semi-discrete space, K(i) the set of neighboring vertices of V i , ∂C ij a segment of ∂C i that is defined below, n ij the unit outward normal to ∂C ij , Σ (12) is approximated as follows
Here, Φ ij is a numerical flux function associated, for example, with a first-order upwind scheme such as Roe's approximate Riemann solver -or more typically, with a second-order extension based on the MUSCL (Monotonic Upwind Scheme Conservation Law) -and W i and W j denote the values of W h F at the vertices V i and V j , respectively. The computation of term < 2 > in (12) involves the normal component of the first transmission condition (9) , and that of term < 3 > a far-field boundary technique such as the flux-splitting of Steger and Warming.
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The viscous integral < 4 > in (12) is typically evaluated using a classical Galerkin finite element P 1 approximation leading to constant components in Ω 
where n e denotes the number of vertices in the element Ω (12) is approximated as follows
where V(Ω of Ω S where the subscript h S designates the maximal element size of this discretization, the structural equations of dynamic equilibrium (8) are typically semi-discretized by the FE method. This leads to the vector equations
where M denotes the FE mass matrix and is symmetric positive definite, u denotes the vector of structural displacements, f int , f ext , and f F denote the vectors of internal, external, and flow-induced generalized forces, respectively, and a dot designates a time derivative. The main objective of this paper is to propose simple and elegant methods for:
• Approximating the transmission conditions (9) and (10) of Σ S , whether these are matching or non-matching ( Figure 3 ). As stated earlier, the approximation of the normal component of condition (9) plays a role in the computation of term < 2 > in (12) . That of condition (10) is intimately related to the algorithm for computing the vector of flow-induced generalized forces f F .
• Evaluating the approximation (15) when Ω 
III. FIVER: A Finite Volume Method Based on Exact Two-Phase Riemann Problems
FIVER 29 is a robust Eulerian finite volume method for the solution of compressible flows in multi-material domains. It naturally addresses the case where the domain of interest includes a dynamic flexible structural subdomain that furthermore may undergo large deformations and/or topological changes. For this reason, FIVER is also naturally suitable for the solution of highly nonlinear FSI problems and hence chosen as the starting point for accomplishing the stated main objective of this paper. More specifically, the original version of FIVER published in 29 is by design an inviscid computational method. It is therefore extended in this work to the case of viscous flows. To this effect, and in order to keep this paper as self-contained as possible, FIVER is first briefly overviewed below. For further details, the reader is referred to 29 and. 
A. Main idea
Based on an idea originally presented in, 28 FIVER was designed primarily for the robust solution of inviscid multi-fluid problems characterized by large density jumps at the material interface I. As such, its algorithmic structure is based on two main ideas:
• Keeping the semi-discretization scheme as close as possible to a Godunov-type scheme describable by a numerical approximation of the form given in (13) , in order to facilitate its implementation in a large body of existing flow solvers.
• Avoiding the explicit traversing of the material interface I during the semi-discretization process in order to achieve robustness with respect to large density jumps.
For multi-fluid problems, FIVER implements both principles stated above by:
1. Capturing the material interface I using a level set function φ.
2. Approximating the captured material interface by the surrogate discrete interface I h F defined as
, and (V l , V m ) is the edge of the CFD mesh traversing the boundary facet ∂C lm (see Figure 4 ).
3. For each edge (V i , V j ) of the CFD mesh, computing the numerical flux functions Φ ij (13) and Φ ji as follows: (Figure 5) , and compute the numerical flux functions Φ ij (13) and Φ ji as follows
4. Applying the second-order MUSCL procedure as usual except for using one-sided gradients in order to avoid traversing the material interface. In general, the surrogate discrete material interface defined above and illustrated in Figure 4 does not coincide with the physical material interface, particularly in two and three dimensions. For this reason, the usage of this surrogate discrete interface introduces in the vicinity of the material interface a geometrical error of the order of O(h F /2) in the solution process. However, this error can be corrected by the procedure described in 18 and second-order spatial accuracy can be achieved within the entire computational domain, except as usual in the vicinity of physical discontinuities such as shocks.
B. Construction and solution of an exact two-phase Riemann problem
At each n-th computational time-step, each aforementioned local, one-dimensional, exact fluid-fluid Riemann problem constructed by FIVER at an intersection point I ij between an edge (V i , V j ) of the CFD mesh and the surrogate discrete material interface I h F is of the form
where ϑ = t−t n , and ξ denotes the abscissa along a local axis originating at I ij and running in the direction of the edge (V i , V j ) ( Figure 5 ). When it involves a simple EOS -for example, the perfect gas EOS or stiffened gas EOS -with two different sets of material properties, or two simple EOSs, the exact two-phase Riemann problem (19) can be solved by a fast semi-analytical method. When it involves an arbitrarily complex EOS such as the Jones-Wilkins-Lee (JWL) EOS, it can be efficiently solved using tabulations on sparse grids (see 29 for details). In either case, the main outcomes of the solution of the exact two-phase Riemann problem (19) are the values at the surrogate discrete material interface (12) is approximated using the expressions (18) of the numerical flux function in the vicinity of I h F , and the standard expression (13) away from it.
IV. FIVER: An Embedded Boundary Method for CFD and FSI

A. Construction and solution of an exact half Riemann problem
The idea of introducing an exact two-phase Riemann problem in the vicinity of a material interface was extended to multi-material problems incorporating an FSI problem first in 27 for the case of a simple fluid EOS, then in 29 for that of an arbitrarily complex fluid EOS. Essentially at each n-th computational timestep, the embedded discrete boundary surface representing the fluid-structure interface is first replaced by the surrogate Σ
Next, the velocity of the structure is reconstructed at each point of intersection I ij between an edge (V i , V j ) of the CFD mesh and Σ S h F -for example, by interpolation and/or extrapolation. This reconstructed structural velocity, u(I ij , t n ), is assumed to remain constant within ∆t = t n+1 − t n , and the exact two-phase Riemann problem (19) is replaced by the following fluid-structure Riemann problem
where n S h S denotes the normal to the discrete representation Σ S h F of the actual fluid-structure interface (see 27, 29 for further details). Because u(I ij , t n ) is assumed to remain constant within [0, ∆t], the above exact fluid-structure Riemann problem can also be described as an exact half Riemann problem.
When the EOS of the fluid in the vicinity of the fluid-structure interface is a simple one (i.e., that of a perfect or stiffened gas), the exact half Riemann problem (21) can be solved analytically. When it is a complex one (i.e., the JWL EOS), the half Riemann problem (21) can be efficiently solved using tabulations on sparse grids (see 29 for details). In either case, the main outcome of the solution of the exact half Riemann problem (21) . Then, term < 2 > of (12) is approximated using this outcome and the expression (18) of the numerical flux function.
B. Embedded boundary method
Equipping FIVER with the capability of constructing and solving the exact half Riemann problem (21) transforms it from a multi-fluid solution method to a genuine embedded boundary method for the solution of multi-material FSI problems -that is, multi-fluid and/or multi-fluid-structure problems. In this case, no additional level set function is needed for capturing or tracking the position of a fluid-structure interface, as the dynamics of an embedded discrete boundary surface Σ S h S are determined from the solution of the structural equations of dynamic equilbrium (16) .
Most if not all embedded boundary methods need to distinguish at each time t n between the "real" (or "active") vertices of the CFD mesh which lie in the physical fluid domain of interest, and the "ghost" (or "inactive") ones which do not. For this purpose, FIVER relies on the computational geometry tools presented in. 13 While the solution of a given FSI problem is advanced from time t n to time t n+1 using an embedded boundary method, the status of a vertex of the CFD mesh may change:
• From real to ghost, which is referred to in this paper as the RTG scenario. In this case, the embedded boundary surface "covers" a new vertex of the CFD mesh. In principle, the embedded boundary method must then provide a value of the fluid state vector at this ghost vertex to enable the advancement of the CFD computation to t n+1 .
• From ghost to real, which is referred to in this paper as the GTR scenario. In this case, the embedded boundary surface "uncovers" a new vertex of the CFD mesh, and the embedded boundary method must also provide in principle a new value of the fluid state vector at the uncovered vertex so it can advance the CFD computation to t n+1 .
For inviscid flows -or more specifically, for semi-discretizing the convective fluxes as discussed so far -FIVER does not need to provide any value of the fluid state vector at any vertex of the CFD mesh that the embedded boundary surface covers. Therefore, unlike many embedded boundary methods for CFD, FIVER does not require in this case populating the ghost fluid values in the RTG scenario. On the other hand in the GTR scenario, FIVER needs to populate each vertex V i of the CFD mesh that the embedded boundary surface uncovers while the flow solution is advanced from time t n to time t n+1 . To this effect, FIVER averages the fluid state vectors at t n of the admissible neighboring vertices. In this context, a vertex V j that is a neighbor of the uncovered vertex V i is labeled as an admissible neighbor at t n if its status at this time is the same as that of the uncovered vertex V i , it does not undergo itself a status change while the flow solution is advanced from t n to t n+1 , and if the edge (V i , V j ) does not intersect the fluid-structure interface Σ S h S after V i is uncovered. Whereas a specific averaging or more discriminate approximation procedure may be needed to achieve a provable order of spatial accuracy of the resulting discretization, 18 a simple averaging procedure in which all admissible neighbors are taken into account and attributed an equal weight is chosen in this paper.
Next, FIVER is extended to the case of compressible viscous flows to enable its application to the solution of compressible viscous multi-material fluid and FSI problems.
V. Extension of FIVER to Viscous Flows
In the viscous case:
• Term < 1 > and term < 3 > of (12) can be approximated exactly as in the inviscid case.
• Term < 2 > of (12) can also be approximated as in the inviscid case. However, the value of the conservative fluid state vector W (18) of the numerical flux function for approximating term < 2 > of (12). In particular, the pressure field associated with W R n i cannot be used in this case for computing the inviscid contribution to the flow-induced generalized forces on the fluid-structure interface.
Hence, the extension of FIVER to compressible viscous multi-material fluid and FSI problems calls essentially for addressing the GTR and RTG scenarios when approximating the viscous integral < 4 > in (12) using (15) .
To this effect, it is first noted that in the GTR scenario, the same method outlined in Subsection B of Section IV for populating ghost fluid values is equally applicable to the viscous case. In the RTG scenario however, whereas FIVER does not populate the ghost fluid values in the inviscid case, it needs to populate some of them in the viscous case. More specifically, in order to enable the computation of the approximation (15) of the viscous integral < 4 > in (12), FIVER must populate the ghost fluid values at each ghost vertex V j belonging to an edge (V i , V j ) of the CFD mesh that intersects Σ S h S , whether V j has just been covered or was already covered. A variety of extrapolation methods can be considered for this purpose. Here, a simple approach based on a combination of constant and linear extrapolations is described. However, any high-order extrapolation method can be equally adopted for populating the ghost fluid values wherever needed in the RTG scenario.
Consider Figure 6 which illustrates the case where Σ , the structural velocity vector u(P ij , t n ) is also known. From the first transmission condition (9), it follows that the fluid velocity vector at this point is also known and satisfies v(P ij , t n ) = u(P ij , t n ). Hence, the fluid velocity vector at the ghost vertex V j can be reconstructed by linear extrapolation as
The reader can observe that in the particular case where P ij is located at the midpoint between the vertices V i and V j of the CFD mesh and the structure is at rest (fixed wall boundary), Eq. (22) 
Next, using a simple averaging procedure for accounting for the influence of the fluid solution at all real vertices V k connected by an edge to the ghost vertex V j leads to
where W n j denotes the primitive fluid state vector at the vertex V j and time t n , K (j) the subset of vertices of K(j) that have a real status at t n , and card (K (j)) the cardinality of K (j). Finally, the conservative fluid state vector W n j is constructed from the knowledge of its primitive counterpart given in (24) , and all other ghost fluid values are populated in the same manner to enable the approximation of the viscous integral < 4 > in (12) as described in (15) .
VI. Temporal Discretization
The extended FIVER method described above can be equally equipped with explicit and implicit timeintegrators. In the implicit case, the evaluation of the Jacobian matrices associated with the expressions (18) of the numerical flux function in the vicinity of the surrogate discrete material interfaces I h F and Σ S h F are straightforward, even when the Riemann problem (19) and half Riemann-problem (21) are solved using tabulations on sparse grids. Time-discretization by a multi-step implicit scheme such as the two-step BDF method raises however an interesting issue. Because of space limitation, the resolution of this issue will be discussed in a forthcoming publication. 
VII. Conservative Loads Computation
The computation of the flow-induced loads distribution on the FE representation of the wet surface of the structure is arguably the most critical component of a FSI simulation. As mentioned earlier, this computation is intimately related to the semi-discretization of the second transmission condition (10). In the context of an embedded boundary method, this task is complicated by the fact that a non body-fitted CFD mesh Ω S is assumed to consist of n ∆ triangles ∆ q -that is,
The extension of the flow-induced loads distribution algorithm presented below to the case of an arbitrarily meshed embedded boundary surface is straightforward. Its extension to the case where Σ
is also straightforward. In this case, the flow-induced loads distribution is first computed assuming Σ S h S = Σ S h F using the same algorithm described below. Then, the resulting flow-induced loads are redistributed on the true FE representation Σ S h S of the wet surface of the structure using the principle of virtual power.
A. Reconstruction within the non body-fitted CFD mesh of the embedded boundary surface
The issue raised above can be addressed by introducing, for the purpose of flow-induced loads computations, yet another surrogate embedded discrete boundary surface Σ S h F that is part of the definition of the non body-fitted discretization Ω • The same surrogate embedded discrete boundary surface (20) introduced for the solution of the half Riemann problems (21) in order to enforce the normal component of the first transmission condition (9)
• A surrogate of Σ Figure 7 . It can be written as
where each vertex of each triangle ∆ q is one of the aforementioned intersection points I k . In this context, I k is denoted more precisely by I q k . The choice of a triangle for ∆ q is motivated by the fact that most types of element encountered in a CFD mesh (tetrahedron, prism, pyramid, or hexahedron) usually intersect a discrete surface in at least three non colinear points, and the simplest approach for connecting more than three points on a discrete surface is via triangles. is relatively easier to implement than choice (27) . In, 27 it was shown that despite being jagged, the surrogate embedded discrete boundary surface (26) delivers accurate loads distributions in the inviscid case. This is because the pressure acts in the normal direction to the surface where it is applied and as a result, the spurious component along the tangential direction to Σ S h S or Σ S h F of the pressure-induced force computed on the jagged surrogate embedded discrete boundary surface (26) tends to vanish on average. However, the same cannot be said about the effect of zigzags on the computation of the flow-induced forces originating from the fluid viscous stress tensor τ (6) . For this reason, choice (27) is chosen here for computing the flow-induced forces and moments and the corresponding loads distributions on the FE representation of the structure in the general viscous case. Furthermore, it is noted that despite the fact that it relies on an explicit (but local) reconstruction procedure, the generation at each time-step of the surrogate embedded discrete boundary surface (27) is relatively computationally inexpensive. This was amply demonstrated in 27 in the context of inviscid FSI computations.
B. Conservative algorithm for flow-induced loads distribution
Following the ideas presented in 27 for inviscid flows, and the concepts developed in 33 for designing rigorous flow-induced loads distribution algorithms in the context of the ALE computational framework, a conservative algorithm for the computation of flow-induced loads distributions within the contexts of the Eulerian computational framework, an embedded boundary method for CFD, to some extent a FV semi-discretization, and most importantly viscous flows is presented here.
At each intersection point I k between the embedded discrete boundary surface Σ , the fluid pressure and velocity fields can be approximated at each point X ∈ ∆ q as follows
where N q k is the classical FE shape function associated with node I q k of the triangle ∆ q , and ζ( X) is the vector of natural coordinates of the point X in the element ∆ q containing it. Discretizing in space the first transmission condition (9) on Σ
Let n Σ S denote the total number of vertices in Σ 
where τ q is the constant approximation in ∆ q of the fluid viscous stress tensor (see Subsection A of Section II), and ñ q is the normal to an element ∆ q of Σ 
VIII. Application to the Simulation of Flexible Flapping Wing Propulsion
The extended FIVER method is implemented in the AERO Suite of Codes for CFD-based nonlinear aeroelasticity. 34, 35 Here, its potential for the simulation of complex viscous FSI problems characterized by large structural displacements, rotations, and deformations is demonstrated. To this effect, FIVER is equipped with a low-Mach preconditioner 30 and applied to the simulation of the flapping wings toy shown in Figure 8 . The geometrical and mechanical properties of this system are reported in Figure 9 -left. The Mylar wing is ultra thin: its thickness is 0.03 mm everywhere except along four bands of 5 mm width each where it is equal to 0.12 mm. Its leading edge is stiffened with a spar whose cross section is circular with a diameter equal to 1.08 mm. A high-fidelity, nonlinear, multi-body dynamics FE model of the complete toy is built using beam and shell elements, various joint elements for the flapping mechanism, and multi-point constraints. It has a total of 40,000 degrees of freedom. An adapted non body-fitted tetrahedral CFD mesh with 10.2 million vertices is constructed in a box domain and air is modeled as a perfect gas.
The following flight configuration is simulated. The free-stream velocity is set to V ∞ = 3.4 m.s −1
(M ∞ = 0.01) and the free-stream angle of attack is set to α ∞ = 10
• , The actuation mechanism is configured to flap the wings between 7.5
• downwards and 37.5
• upwards, at the frequency of 14.4 Hz. Figure 10 graphically depicts an evolution of the structural deformation during one flapping period. The reader can observe the large kinematics and deformations of the flexible ultra thin wings. Figure 11 shows snapshots of the structural deformations and iso-vorticity (800 s −1 ) surfaces colored by pressure during a downstoke. These reveal the formation of donut-shaped vortices at the leading and trailing edges of the wings.
Finally, Figure 12 reports the time-histories of the lift and drag generated during flapping. Their timeaveraging reveal a net lift of 0.055 N and a net thrust of 0.0097 N per wing. Together, both wings produce a lift of 0.11 N and therefore can lift a mass of 11.2 g -which is comparable to the actual mass of 12.3 g of the toy. 
